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Abstract 

Present investigation is concerned with natural convective flow of Casson nanofluid past an 

oscillating vertical plate with ramped and isothermal wall temperature in presence of magnetic 

field and radiation. Fluid passes through a porous medium. Similarity transformations are used for 

simplifying equations governing the flow. Laplace transform is employed to obtain analytic 

solution of dimensionless governing equations. The variations in nanofluid velocity, temperature 

and concentration are expressed graphically. The values of skin friction coefficient, Nusselt 

number and Sherwood number are tabulated for various flow parameters. Gravity driven 

convective flow near a ramped temperature plate is also compared with the flow near an 

isothermal plate.  It is observed that nanofluid velocity increases with  the progress of Grashof 

number, mass Grashof number, phase angle and time while decreases with increase in Prandtl 

number,  magnetic parameter and Schimdt number. 
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Nomenclature 
 
𝑇 Temperature    𝑇௪ Constant temperature 

𝑢 Velocity     C  Concentration 

D  Mass diffusivity    𝐵 External uniform magnetic field  

𝐵଴ Constant magnetic flux density  𝐶௣ Specific heat at constant pressure 

𝑡 Time     g Acceleration due to gravity 

k Thermal conductivity    M Magnetic parameter  

𝑃𝑟 Prandtl number      𝑆𝑐 Schmidt number 

Gm Grash of number of mass transfer   
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Greek symbols 

𝛽 Thermal expansion    𝜌 Density  

𝜎∗ Stefan Boltzman constant                𝜎 Electrical conductivity (S/m) 

∅ Nanoparticle volume fraction  𝜃 Dimensionless temperature  

𝜇 The viscosity       

 

Subscripts 

𝑓 Fluid phase    𝑛𝑓 Nanofluid 

𝑠 Solid phase 

 

1. Introduction 
The coefficient of heat transfer of conventional fluids can be enhanced by introduction of solid particles to it. 

Choi and Eastman [1] introduced the term “nanofluids”. Increase of surface area to the volume, results in 

significant changes in thermal, electrical, mechanical, optical and magnetic properties. Experiments give 

evidence that with 1–5% volume of solid metallic particles, the effective thermal conductivity of the nanofluid is 

increased by 20% compared to that of the base fluid [2]. Freidoonimehr et al. [3] studied the natural convection 

in a nanofluid flow past a permeable stretching vertical surface.   Kataria and Mittal [4-5] studied velocity and 

temperature analysis of nanofluid flow past an oscillating vertical plate analytically. Kataria and Patel [6-10] 

investigated MHD fluid flow considering various types of fluid under different conditions. Mahapatra [11] 

discussed effect of thermal radiation on natural convection in a lid-driven square cavity filled with Darcy-

Forchheimer porous medium. The effective thermal conductivity of the nanofluid given by Hamilton and 

Crosser model followed by Oztop and Abu-Nada [12]. Rashidi et al. [13] conducted a numerical investigation 

on mixed convective heat transfer for MHD. Rashidi and Erfani [14] performed an analytical analysis for steady 

MHD convection flow due to a rotating disk. 

 

Sheikholeslami [16] considered effect of magnetic field on Magnetohydrodynamic nanofluid flow using Lattice 

Boltzmann Method. The problem of nanofluid heat transfer enhancement by means of EHD is studied by 

Sheikholeslami and Bhatti [17]. Buongiorno model was used for unsteady nanofluid flow and heat transfer by 

Sheikholeslami et al. [18]. Effect of nanofluid forced convection heat transfer improvement in existence of 

magnetic field is investigated numerically by Sheikholeslami et al. [19]. Sheikholeslami et al. [20] investigated 

numerically influence of viscosity on nanofluid. Sheikholeslami and Shamlooei [21] studied the effects of 

magnetic on Fe3O4 - H2O nanofluid natural convection in presence of thermal radiation. Thermal radiation on 

three dimensional nanofluid flow has been investigated by Sheikholeslami et al.  [22].  

The aim of our present paper is to study the velocity, temperature and concentration profiles associative with 

natural convective boundary layer MHD flow of non-Newtonian Casson nanofluids past an oscillating vertical 

plate in the presence of a uniform transverse magnetic field with ramped wall temperature. Analytic solutions of 

the governing equations are obtained and presented in closed form so novelty of the paper lies in the fact that as 

we have discussed analytic solution of the problem, we are assured of the convergence of three solutions. This 

investigation finds applications in magnetic nanomaterial processing and cooling processes in industries and 

reactors. 
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2. Mathematical Formulation: 

Unsteady MHD flow of non-Newtonian electrically conducting Casson nanofluids near an infinite vertical plate 

with ramped wall temperature in a porous medium is considered. As shown in Fig. 1, 𝑥 axis is along the wall in 

the upward direction and 𝑦 axis is normal to it. A uniform transverse magnetic field 𝐵଴ is applied in 𝑦 direction. 

Initially, temperature and the concentration near the plate is assumed to be  𝑇଴ and 𝐶଴ respectively. Temperature 

of the wall is 𝑇଴ + (𝑇௪ + 𝑇଴) 𝑡
𝑡଴

ൗ  when 0 < 𝑡 ≤  𝑡଴ and 𝑇௪ for 𝑡 > 𝑡଴ . Similarly concentration near the plate is 

𝐶଴ + (𝐶௪ − 𝐶଴) 𝑡
𝑡଴

ൗ  for 0 < 𝑡 ≤  𝑡଴ and 𝐶௪ when 𝑡 > 𝑡଴ . Effects of viscous dissipation, Ohmic dissipation, 

induce magnetic and electrical field are neglected. The nanofluid under consideration is assumed to be single 

phase. 

 
Figure 1: Physical sketch of the problem 

Under above assumptions, governing equations [12] are given below: 

𝜌௡௙
డ௨
డ௧

= 𝜇௡௙ ቀ1 + ଵ
ఊ

ቁ డమ௨
డ௬మ − 𝜎௡௙𝐵ଶ𝑢 −

ఓ೙೑ఝ

௞భ
𝑢 + 𝑔(𝜌𝛽)௡௙(𝑇 − 𝑇଴) + 𝑔(𝜌𝛽஼)௡௙(𝐶 − 𝐶଴)    (1) 

൫𝜌𝑐௣൯
௡௙

డ்
డ௧

= 𝑘௡௙
డమ்
డ௬మ − డ௤ೝ

డ௬
                                                                              (2)  

డ஼
డ௧

= 𝐷 డమ஼
డ௬మ                        (3) 

 

Where  

𝜌௡௙ = (1 − ∅)𝜌௙ + ∅𝜌௦, 𝜇௡௙ =
ఓ೑

(ଵି∅)మ.ఱ, 𝜎௡௙ = 𝜎௙[1 + ଷ(ఙିଵ)∅
(ఙାଶ)ି(ఙିଵ)∅

], 𝜎 = ఙೞ
ఙ೑

,                 

(𝜌𝛽)௡௙ = (1 − ∅)(𝜌𝛽)௙ + ∅(𝜌𝛽)௦, 𝑘௡௙ = 𝑘௙[1 − 3
∅൫௞೑ି௞ೞ൯

ଶ௞೑ା௞ೞା∅൫௞೑ି௞ೞ൯
]             

൫𝜌𝑐௣൯
௡௙

= (1 − ∅)(𝜌𝑐௣)௙ + ∅(𝜌𝑐௣)௦, 𝑞௥ = − ସఙ∗

ଷ௞∗
డ்ర

డ௬
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Considering Rosseland approximation [15], 

𝑞௥ = − ସఙ∗

ଷ௞∗
డ(ସ బ்

య்ିଷ బ்
ర)

డ௬
                               

Using this 𝑞௥ in (2) 

൫𝜌𝑐௣൯
௡௙

డ்
డ௧

= (𝑘௡௙ + ଵ଺ఙ∗
బ்

య

ଷ௞∗ ) డమ்
డ௬మ                                           (4)       

The initial and boundary conditions are 

𝑢 = 0,     𝑇 = 𝑇଴,   𝐶 = 𝐶଴;  𝑎𝑠  𝑦 ≥ 0 𝑎𝑛𝑑  𝑡 < 0   ,𝑢 = sin(𝑤𝑡) 𝑜𝑟 cos(𝑤𝑡) ,    

 𝑇 = ቊ
𝑇଴ + (𝑇௪ − 𝑇଴) 𝑡

𝑡଴
ൗ 𝑖𝑓  0 < 𝑡 < 𝑡଴

𝑇௪                            𝑖𝑓     𝑡 ≥ 𝑡଴
 ,     𝐶 = 𝐶଴ + (𝐶௪ − 𝐶଴);   𝑎𝑠  𝑡 ≥ 0 𝑎𝑛𝑑 𝑦 = 0    

 𝑢 → 0, 𝑇 → 𝑇଴,   𝐶 → 𝐶଴;  𝑎𝑠  𝑦 → ∞ 𝑎𝑛𝑑 𝑡 ≥ 0          

Introducing non dimensional variables 

𝑦∗ = ௨బ௬
௩೑

, 𝑡∗ = ௨బ
మ௧

௩೑
, 𝑢∗ = ௨

௨బ
, 𝜃 = ୘ି బ்

்ೢ ି బ்
, 𝜔∗ =

௩೑ఠ

௨బమ                                           

(1) and (11) become (omitting * for simplicity) 
డ௨
డ௧

= ቀ1 + ଵ
ఊ
ቁ 𝑎ଵ

డమ௨
డ௬మ − ቀ𝑎ଷ𝑀ଶ + ௔భ

௞
ቁ 𝑢 + 𝐺௥𝑎ଶ𝜃 + 𝐺௠𝑎ହ𝐶         (5) 

డఏ
డ௧

= 𝑎ସ
డమఏ
డ௬మ              (6) 

డ஼
డ௧

= ଵ
ௌ೎

డమ஼
డ௬మ              (7) 

With initial and boundary condition 

𝑢 = 𝜃 =  𝐶 = 0 ,            𝑦 ≥ 0, 𝑡 = 0 , 𝑢 = sin(𝑤𝑡) 𝑜𝑟 cos(𝑤𝑡) ,    

𝜃 = ቄ𝑡,     0 < 𝑡 ≤ 1
1              𝑡 > 1     = 𝑡𝐻(𝑡) − (𝑡 − 1)𝐻(𝑡 − 1), 𝐶 = 𝑡,   𝑦 = 0, 𝑡 > 0  

𝑢 → 0, 𝜃 → 0, 𝐶 → 0    𝑎𝑠  𝑦 → ∞, 𝑡 > 0            (8) 

Where 

𝑏଴ = 1 − ∅ , 𝑏ଵ = (𝑏଴ + ∅ ఘೞ
ఘ೑

), 𝑏ଶ = (𝑏଴ + ∅ (ఘఉ)ೞ
(ఘఉ)೑

), 𝑏ଷ = (𝑏଴ + ∅ (ఘ௖೛)ೞ

(ఘ௖೛)೑
), 𝑏ସ =

௞೙೑

௞೑
,  

𝑏ହ =
ఙ೙೑

ఙ೑
, 𝑏଺ = ௕ర

௕య
, 𝑏଻ = (𝑏଴ + ∅ (ఘఉ)೎

(ఘఉ)೑
), 𝑎ଵ = ଵ

௕బ
మ.ఱ௕భ

, 𝑎ଶ = ௕మ
௕భ

, 𝑎ଷ = ௕ఱ
௕భ

, 𝑎ସ = ௕రାே௥
௕య௣௥

, 

𝑎ହ = ௕ళ
௕భ

 , 𝑃𝑟 = ఓ ௖೛

௞
, 𝑀ଶ =  ఙ஻బ

మ

ఘ௨బమ 𝑡଴, ଵ
௞

= ௩ఝమ

௞భ௨బమ , 𝐺𝑟 = ௩௚ఉ(்ೢ ି்ಮ)

௨బయ  ,  

 𝛾 = ఓಳඥଶగ೎

௉ം
, 𝑆𝑐 = ఔ

஽
, 𝐺𝑚 = ௚ఉ೎ఔ(஼ೢି஼ಮ)

௨బయ , 𝑁𝑟 = ଵ଺ఙ∗
బ்

య

ଷ௞∗௞೑
  

H (.) is Heaviside unit step function. 

3. Solution: 

Taking Laplace transform of equation (5), (6) and (7) with initial and boundary condition equation-(8)  

𝜃̅ = (1 − 𝑒ି௦)𝐹 (𝑦, 𝑠) , 𝐶̅ = 𝐹ଵଵ(𝑦, 𝑠)         (9) 

𝑢ത௦௜௡(𝑦, 𝑠) = ௜
ଶ

𝐹ଵ(𝑦, 𝑠) − ௜
ଶ

𝐹ଶ(𝑦, 𝑠) + (1 − 𝑒ି௦)𝐺ଵ(𝑦, 𝑠) + 𝐺ଶ(𝑦, 𝑠) − (1 − 𝑒ି௦)𝐺ଷ(𝑦, 𝑠) − 𝐺ସ(𝑦, 𝑠)   (10) 

𝑢ത௖௢௦(𝑦, 𝑠) = ଵ
ଶ

𝐹ଵ(𝑦, 𝑠) + ଵ
ଶ

𝐹ଶ(𝑦, 𝑠) + (1 − 𝑒ି௦)𝐺ଵ(𝑦, 𝑠) + 𝐺ଶ(𝑦, 𝑠) − (1 − 𝑒ି௦)𝐺ଷ(𝑦, 𝑠) − 𝐺ସ(𝑦, 𝑠)   (11) 

(It must me noted that, Eq. 10 is obtained by considering 𝑢 = sin(𝑤𝑡) in boundary condition and Eq. 11 

 if 𝑢 = cos(𝑤𝑡) is considered in boundary condition 8 ), with 
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𝐹ଵ(𝑦, 𝑠) = ௘
ష೤ටೞశ೏మ

೏భ

௦ା௜
, 𝐹ଶ(𝑦, 𝑠) =  ௘

ష೤ටೞశ೏మ
೏భ

௦ି௜௪
 , 𝐺ଵ(𝑦, 𝑠) = 𝑑ଵଷ𝐹ଷ(𝑦, 𝑠) + 𝑑ଵଵ𝐹ସ(𝑦, 𝑠) + 𝑑ଵଶ𝐹ହ(𝑦, 𝑠),      (12) 

 𝐺ଶ(𝑦, 𝑠) = 𝑑ଵ଺𝐹ଷ(𝑦, 𝑠) + 𝑑ଵସ𝐹ସ(𝑦, 𝑠) + 𝑑ଵହ𝐹଺(𝑦, 𝑠),             (13) 

𝐺ଷ(𝑦, 𝑠) = 𝑑ଵଷ𝐹଻(𝑦, 𝑠) + 𝑑ଵଵ𝐹 (𝑦, 𝑠) + 𝑑ଵଶ𝐹ଽ(𝑦, 𝑠)            (14) 

𝐺ସ(𝑦, 𝑠) = 𝑑ଵ଺𝐹ଵ଴(𝑦, 𝑠) + 𝑑ଵସ𝐹ଵଵ(𝑦, 𝑠) + 𝑑ଵହ𝐹ଵଶ(𝑦, 𝑠)           (15) 

𝐹ଷ(𝑦, 𝑠) = ௘
ష೤ටೞశ೏మ

೏భ

௦
, 𝐹ସ(𝑦, 𝑠) = ௘

ష೤ටೞశ೏మ
೏భ

௦మ , 𝐹ହ(𝑦, 𝑠) = ௘
ష೤ටೞశ೏మ

೏భ

௦ିௗల
, 𝐹଺(𝑦, 𝑠) = ௘

ష೤ටೞశ೏మ
೏భ

௦ିௗవ
 ,𝐹଻(𝑦, 𝑠) = ୣ

ష౯ට౩ ೌరൗ

௦
  

(16)  

𝐹 (𝑦, 𝑠) = ୣ
ష౯ට౩ ೌరൗ

௦మ , 𝐹ଽ(𝑦, 𝑠) = ୣ
ష౯ට౩ ೌరൗ

௦ିௗల
, 𝐹ଵ଴(𝑦, 𝑠) = ଵ

௦
𝑒ି௬ඥ௦೎ ௦, 𝐹ଵଵ(𝑦, 𝑠) = ଵ

௦మ 𝑒ି௬ඥ௦೎ ௦,        (17) 

 𝐹ଵଶ(𝑦, 𝑠) = ଵ
௦ିௗవ

𝑒ି௬ඥ௦೎ ௦               (18) 

 Inverse Laplace transform of equation (9-18) we get 

𝜃(𝑦, 𝑡) = 𝑓 (𝑦, 𝑡) − 𝑓 (𝑦, 𝑡 − 1)𝐻(𝑡 − 1)             (19) 

𝐶(𝑦, 𝑡) = 𝑓ଵଵ(𝑦, 𝑡)               (20) 

𝑢௦௜௡(𝑦, 𝑡) = ௜
ଶ

𝑓ଵ(𝑦, 𝑡) − ௜
ଶ

𝑓ଶ(𝑦, 𝑡) + 𝑔ଵ(𝑦, 𝑡) − 𝑔ଵ(𝑦, 𝑡 − 1)𝐻(𝑡 − 1) + 𝑔ଶ(𝑦, 𝑡) − 𝑔ଷ(𝑦, 𝑡) + 𝑔ଷ(𝑦, 𝑡 −

1)  𝐻(𝑡 − 1) − 𝑔ସ(𝑦, 𝑡)                             (21) 

𝑢௖௢௦(𝑦, 𝑡) = ଵ
ଶ

𝑓ଵ(𝑦, 𝑡) − ଵ
ଶ

𝑓ଶ(𝑦, 𝑡) + 𝑔ଵ(𝑦, 𝑡) − 𝑔ଵ(𝑦, 𝑡 − 1)𝐻(𝑡 − 1) + 𝑔ଶ(𝑦, 𝑡) − 𝑔ଷ(𝑦, 𝑡) + 𝑔ଷ(𝑦, 𝑡 −

1)  𝐻(𝑡 − 1) − 𝑔ସ(𝑦, 𝑡)                             (22) 

Solutions for Plate with Constant Temperature: 

Here the initial and boundary conditions are the same except Eq. (8),  𝜃 = 1 𝑎𝑡 𝑦 = 0, 𝑡 ≥ 0 . 

We compute temperature 𝜃(𝑦, 𝑡) and velocity profile u (y, t) using Laplace transform technique. 

θ(y, t) = 𝑓଻(𝑦, 𝑡)                    (23) 

Similarly, Velocity 𝑢(𝑦, 𝑡) is given by: 

𝑢௦௜௡(𝑦, 𝑡) = ௜
ଶ

𝑓ଵ(𝑦, 𝑡) − ௜
ଶ

𝑓ଶ(𝑦, 𝑡) + (𝑑ଵଵ + 𝑑ଵ଺)𝑓ଷ(𝑦, 𝑡) + 𝑑ଵସ𝑓ସ(𝑦, 𝑡) − 𝑑ଵଵ𝑓ହ(𝑦, 𝑡) + 𝑑ଵହ𝑓଺(𝑦, 𝑡) −

𝑑ଵଵ 𝑓଻(𝑦, 𝑡) + 𝑑ଵଵ 𝑓ଽ(𝑦, 𝑡) − 𝑑ଵ଺ 𝑓ଵ଴(𝑦, 𝑡) − 𝑑ଵସ𝑓ଵଵ(𝑦, 𝑡) − 𝑑ଵହ𝑓ଵଶ(𝑦, 𝑡)           (24) 

𝑢௖௢௦(𝑦, 𝑡) = ଵ
ଶ

𝑓ଵ(𝑦, 𝑡) + ଵ
ଶ

𝑓ଶ(𝑦, 𝑡) + (𝑑ଵଵ + 𝑑ଵ଺)𝑓ଷ(𝑦, 𝑡) + 𝑑ଵସ𝑓ସ(𝑦, 𝑡) − 𝑑ଵଵ𝑓ହ(𝑦, 𝑡) + 𝑑ଵହ𝑓଺(𝑦, 𝑡) −

𝑑ଵଵ 𝑓଻(𝑦, 𝑡) + 𝑑ଵଵ 𝑓ଽ(𝑦, 𝑡) − 𝑑ଵ଺ 𝑓ଵ଴(𝑦, 𝑡) − 𝑑ଵସ𝑓ଵଵ(𝑦, 𝑡) − 𝑑ଵହ𝑓ଵଶ(𝑦, 𝑡)           (25) 

Here 𝑢௦௜௡(𝑦, 𝑡) 𝑎𝑛𝑑 𝑢௖௢௦(𝑦, 𝑡) are the velocity profiles for sin and cosine oscillations for the ramped and 

isothermal temperatures respectively. 

Nusselt Number: 

 The Nusselt number Nu can be written as 

𝑁௨ = − ቀడఏ
డ௬

ቁ
௬ୀ଴

                  (26) 

Using the equation (19), we obtained the Nusselt number for Ramped wall temperature is 
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𝑁௨ = −[ℎ଼(𝑡) − ℎ଼(𝑡 − 1)𝐻(𝑡 − 1)]             (27) 

Using the equation (23), we obtained the Nusselt number for Isothermal temperature is 

𝑁௨ = −[ℎ଻(𝑡)]                (28) 

Sherwood Number: 

Sherwood Number is defined and denoted by the formula  

𝑠௛ = − ቀడ஼
డ௬

ቁ
௬ୀ଴

                (29) 

Using the equation (20), we obtained the Sherwood Number is 

𝑠௛ = −[ℎଵଵ(𝑡)]                (30) 

Skin Friction: 

Expressions of skin-friction for both cases are calculated from Equations. (21-22) and (24-25) using the 

relations 

𝜏∗(𝑦, 𝑡) = − 𝜇஻ ቀ1 + ଵ
ఊ
ቁ 𝜏               (31) 

Where   𝜏 = డ௨
డ௬

ቚ
௬ୀ଴

               (32) 

For ramped wall temperature 

𝜏௦௜௡(𝑦, 𝑡) = ௜
ଶ

ℎଵ(𝑡) − ௜
ଶ

ℎଶ(𝑡) + ℎଵଷ(𝑡) − ℎଵଷ(𝑡 − 1)𝐻(𝑡 − 1) + ℎଵସ(𝑡) + ℎଵହ(𝑡) + ℎଵହ(𝑡 − 1)𝐻(𝑡 − 1) +

ℎହ(𝑡) − ℎଵ଺(𝑡)                (33) 

𝜏௖௢௦(𝑦, 𝑡) = ଵ
ଶ

ℎଵ(𝑡) + ଵ
ଶ

ℎଶ(𝑡) + ℎଵଷ(𝑡) − ℎଵଷ(𝑡 − 1)𝐻(𝑡 − 1) + ℎଵସ(𝑡) + ℎଵହ(𝑡) + ℎଵହ(𝑡 − 1)𝐻(𝑡 − 1) +

ℎହ(𝑡) − ℎଵ଺(𝑡)                (34) 

For isothermal temperature 

𝜏௦௜௡(𝑦, 𝑡) = ௜
ଶ

ℎଵ(𝑡) − ௜
ଶ

ℎଶ(𝑡) + (𝑑ଵଵ + 𝑑ଵ଺)ℎଷ(𝑡) + 𝑑ଵସℎସ(𝑡) − 𝑑ଵଵℎହ(𝑡) + 𝑑ଵହℎ଺(𝑡) − 𝑑ଵଵℎ଻(𝑡) +

𝑑ଵଵℎଽ(𝑡) − 𝑑ଵ଺ℎଵ଴(𝑡) − 𝑑ଵସℎଵଵ(𝑡) − 𝑑ଵହℎଵଶ(𝑡)            (35) 

𝜏௖௢௦(𝑦, 𝑡) = ଵ
ଶ

ℎଵ(𝑡) + ଵ
ଶ

ℎଶ(𝑡) + (𝑑ଵଵ + 𝑑ଵ଺)ℎଷ(𝑡) + 𝑑ଵସℎସ(𝑡) − 𝑑ଵଵℎହ(𝑡) + 𝑑ଵହℎ଺(𝑡) − 𝑑ଵଵℎ଻(𝑡) +

𝑑ଵଵℎଽ(𝑡) − 𝑑ଵ଺ℎଵ଴(𝑡) − 𝑑ଵସℎଵଵ(𝑡) − 𝑑ଵହℎଵଶ(𝑡)            (36) 

 
4. Result: 
 
To understand the physics of the problem, the obtained analytical solutions are studied numerically and are 

elucidated with the help of graphs. Parametric study is performed for Prandtl number Pr, Grashof number Gr, 

mass Grashof number Gm, Casson parameter 𝛾, magnetic parameter M, Schimdt number Sc, permeability of 

porous medium K, phase angle 𝜔𝑡, volume fraction parameter ∅, radiation parameter  𝑁௥ and time t in Figs. 2-
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20. Numerical values of skin-friction Nusselt number and Sherwood number are computed and presented in 

tables for different parameters. 

Impact of  𝑁௥ and 𝜔 on the velocity is shown in Fig. 2. It is evident that the fluid velocity increases with 𝑁௥ for 

different values of 𝜔. This is justified as the radiation increases the thickness of momentum boundary layer. It is 

evident from Fig. 3 that velocity increases with decrease in volume fraction parameter ∅. Fig 4 depicts that 

velocity decreases with increasing values of Casson nanofluid parameter 𝛾 for 𝜔𝑡 = 𝜋 and otherwise for 𝜔𝑡 =

0. Increase in Casson parameter shortens the velocity boundary layer thickness. It is observed that the non-

Newtonian behavior disappears and the nanofluid behaves like a Newtonian nanofluid for sufficiently large 

values of 𝛾. Fig. 5 illustrates that velocity increases with permeability parameter K as the resistance of the 

porous medium decreases. Schmidt number is the ratio of momentum diffusivity to mass diffusivity. So increase 

in value of Sc results in thicker hydrodynamic layer and thus increase in values of Schimdt number Sc decreases 

the nanofluid velocity as observed from Fig. 6. It has been observed that the velocity decreases with an increase 

in the Schmidt number. Positive impact of Grashof number Gr (the ratio of the buoyancy force to the restraining 

force due to the viscosity of the nanofluid) and mass Grashof number Gm on velocity is evident from Fig. 7 and 

Fig. 8 respectively. Fig. 9 reveals that the velocity decreases with increase in Prandtl number. Fig. 10 shows that 

the nanofluid velocity diminish with increase in magnetic parameter M. This is expected due to resistance of 

applied magnetic field in an electrically conducting nanofluid known as Lorentz force. This force decelerates the 

fluid motion. It is observed through Fig. 11 that velocity increases with t.  

 

 
Figure 2: Velocity profile for different values of y and Nr at 𝒕 = 𝟎. 𝟓 𝑴𝟐 = 𝟑 𝑮𝒓 = 𝟓 ∅ = 𝟎. 𝟎𝟐 𝒑𝒓 = 𝟔. 𝟐 
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Figure.3 Velocity profile for different values of y and ∅ at 𝜸 = 𝟎. 𝟔,  k = 1, 𝐒𝐜 = 𝟎. 𝟓, 𝐆𝐦 = 𝟒, t = 0.6 and 

𝐆𝐫 = 𝟖 

 

 
Figure.4 Velocity profile u for different values of y and 𝛄 at ∅ = 𝟎. 𝟎𝟐,  k = 1, 𝐒𝐜 = 𝟎. 𝟓, 𝐆𝐦 = 𝟒, t = 0.6 and 𝐆𝐫 = 𝟖 
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Figure.5 Velocity profile u for different values of y and 𝐤 at 𝜸 = 𝟎. 𝟔,  ∅ = 𝟎. 𝟎𝟐, 𝐒𝐜 = 𝟎. 𝟓, 𝐆𝐦 = 𝟒, t = 0.6 and 

𝐆𝐫 = 𝟖 

 

 
Figure.6 Velocity profile u for different values of y and 𝐒𝐜 at 𝜸 = 𝟎. 𝟔,  k = 1, ∅ = 𝟎. 𝟎𝟐, 𝐆𝐦 = 𝟒, t = 0.6 and 

𝐆𝐫 = 𝟖 
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Figure.7 Velocity profile u for different values of y and 𝐆𝐦 at 𝜸 = 𝟎. 𝟔,  k = 1, ∅ = 𝟎. 𝟎𝟐, t = 0.6, 𝐒𝐜 = 𝟎. 𝟓 and 

𝐆𝐫 = 𝟖 

 

 
Figure.8 Velocity profile u for different values of y and 𝐆𝐫 at 𝜸 = 𝟎. 𝟔,  k = 1, ∅ = 𝟎. 𝟎𝟐, t = 0.6, 𝐒𝐜 = 𝟎. 𝟓 and 

𝐆𝐦 = 𝟒 
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Figure.9 Velocity profile u for different values of y and 𝐏𝐫 at 𝜸 = 𝟎. 𝟔,  k = 1, ∅ = 𝟎. 𝟎𝟐, t = 0.6, 𝐒𝐜 = 𝟎. 𝟓, Gr = 8 , 

M = 5 and 𝐆𝐦 = 𝟒 

 

 
Figure.10 Velocity profile u for different values of y and 𝐌 at 𝜸 = 𝟎. 𝟔,  k = 1, ∅ = 𝟎. 𝟎𝟐, t = 0.6, 𝐒𝐜 = 𝟎. 𝟓, Gr = 8 , 

Pr = 0.71  and 𝐆𝐦 = 𝟒 
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Figure.11 Velocity profile u for different values of y and 𝐭 at 𝜸 = 𝟎. 𝟔,  k = 1, ∅ = 𝟎. 𝟎𝟐, M = 5, 𝐒𝐜 = 𝟎. 𝟓, Gr = 8 , Pr 

= 0.71  and 𝐆𝐦 = 𝟒 

 

 
Figure.12 Temperature profile for different values of y and 𝑵𝒓 at  𝑴𝟐 = 𝟑 𝒕 = 𝟎. 𝟓 ∅ = 𝟎. 𝟎𝟐 𝑮𝒓 = 𝟓 𝒑𝒓 =

𝟔. 𝟐 
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Figure.13 Temperature profile 𝜽 for different values of y and 𝑷𝒓 at t = 0.6 and ∅ = 𝟎. 𝟎𝟐 

 

 
Figure.14 Temperature profile 𝜽 for different values of y and 𝒕 at Pr = 0.71 and ∅ = 𝟎. 𝟎𝟐 
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Figure.15 Concentration profile 𝑪 for different values of y and 𝑺𝒄 at t = 0.6  

 

 
Figure.16 Concentration profile 𝑪 for different values of y and 𝒕 at Sc = 0.5 
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Figure.17 Nusselt number for different values of y and 𝑵𝒓 at  𝑴 = 𝟏. 𝟓 𝒕 = 𝟎. 𝟓 ∅ = 𝟎. 𝟎𝟐 𝑮𝒓 = 𝟓 𝒑𝒓 = 𝟔. 𝟐 

 
 

 
Figure18 Skin friction for different values of 𝑵𝒓 at  𝑴 = 𝟏. 𝟓 𝒕 = 𝟎. 𝟓 ∅ = 𝟎. 𝟎𝟐 𝑮𝒓 = 𝟓 𝒑𝒓 = 𝟔. 𝟐 
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Figure.19 Skin Friction for different values of t and ∅ 

 
Fig. 12 illustrates that there is increase in temperature with increase in radiation parameter Nr. Increase in Nr 

means the release of heat energy into the flow region and so the fluid temperature increases. It is observed from 

Fig. 13 that the nanofluid temperature decreases as Pr increases. It is justified as thermal conductivity of the 

nanofluid decreases with increasing Prandtl number Pr. It is revealed from Fig. 14 that temperature increases 

with increase in time t.  

 

It is illustrated from Fig. 15 and Fig. 16 respectively that for both cases (ramped and isothermal plates), 

Concentration increases on increasing Sc and t. With increase in Sc, the viscous boundary layer becomes 

relatively thicker than concentration boundary layer. Thus mass flux increases as a result of greater 

concentration gradient. 

 

Fig. 17 reveals that Nusselt number Nu increases with thermal radiation. Fig. 18 exhibits that there is increase in 

Skin friction with Nr. Fig. 19 and Fig. 20 depict that both Skin friction and Nusselt number Nu increase with 

increase in volume fraction ∅.  
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Figure.20 Nusselt number for different values of t and ∅ 

 
 

Table 1: Skin friction variation for air ( ∅ = 𝟎. 𝟎𝟑 and sinwt = 0 ) 

t 𝛾 Sc Gr Gm k Skin friction 𝜏 for 
Ramped  

temperature 

Skin friction 𝜏 for 
isothermal 

temperature 

0.2 2 3 1 2 0.4 -0.5963 -0.4916 
0.2 2.1 3 1 2 0.4 -0.5739 -0.4780 
0.2 2.2 3 1 2 0.4 -0.5541 -0.4658 
0.2 2 3.1 1 2 0.4 -0.6564 -0.5517 
0.2 2 3.2 1 2 0.4 -0.7218 -0.6171 
0.2 2 3 1.1 2 0.4 -0.6170 -0.5018 
0.2 2 3 1.2 2 0.4 -0.6378 -0.5121 
0.2 2 3 1 2.1 0.4 -0.6157 -0.5110 
0.2 2 3 1 2.2 0.4 -0.6352 -0.5304 
0.2 2 3 1 2 0.5 -0.8477 -0.6788 
0.2 2 3 1 2 0.6 -1.1275 -0.8834 
0.3 2 3 1 2 0.4 -0.8219 -0.6613 
0.4 2 3 1 2 0.4 -1.0461 -0.8280 
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Table 2: Nusselt number variation for air ( Pr = 0.62 ) 
 

T Nusselt number for 
Ramped Temperature 

Nusselt number for 
isothermal Temperature 

 
0.2 -0.1982 -1.9823 

0.3 -0.2428 -1.6185 
0.4 -0.2803 -1.4017 

 
Table 3: Sherwood Number variation 

 
T Sc Sherwood Number 

0.2 3 -0.2185 
0.3 3 -0.2676 
0.4 3 -0.3090 
0.2 3.1 -0.2221 
0.2 3.2 -0.2257 

 
 
 
The numerical values of skin friction s, Nusselt number Nu and Sherwood number Sh are exhibited in tabular 

form through Tables 1, 2 and 3. 

 

It is observed from Table 1 that, for both temperature cases, skin friction decreases with the progress of time. 

Skin friction is disliked in most of the technical applications. It is observed that increase in any one of the 

parameters Gr, Gm, Sc or K decreases skin friction due to the nanofluid whereas increases with Casson 

parameter 𝛾. It is obvious as greater permeability of the medium results in reduced friction. Higher buoyancy 

force results in pressure gradient and thus the nanofluid is accelerated and in turn nanofluid is carried away with 

increase in Grashof number, reducing skin friction. It is revealed from Table 2 that, Nu decreases with increase 

in t for ramped temperature and otherwise for isothermal case. It is found from Table 3 that, Sherwood number 

Sh decreases with increase in t or Schimdt number Sc. 

 

5. Conclusion: 

Analytical solutions for the unsteady natural convection flow of a nanofluid near a moving infinite vertical plate 

in the presence of a transverse uniform magnetic field. The expressions for the velocity, temperature and 

concentration are obtained using Laplace transform technique. Graphs are plotted to understand effects of 

various parameters on velocity, concentration, skin friction and temperature profiles. Vital remarks are 

summarized as follows: 

 The velocity of the nanofluid increases with increase in the radiation parameter Nr for different 

frequencies of oscillation 𝜔 of the plate. 
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 Nanofluid velocity is getting accelerated with the progress of Grashof number Gr, mass Grashof 

number Gm, phase angle 𝜔𝑡 and time t while decreases with increase in Prandtl number Pr,  magnetic 

parameter M and Schimdt number Sc.  

 Nanofluid velocity is more for 𝜔𝑡 = 𝜋 than 𝜔𝑡 = 0. 

 Nanofluid velocity is more for isothermal temperature compared to ramped plate. 

 Temperature of nanofluid decreases with increase in the radiation parameter Nr. 

 Nanofluid temperature increases with rise in values of Prandtl number Pr and time t. 

 Concentration tend to increase with increase in Schimdt number Sc and progress of time. 

 Nusselt number Nu increases with time t for isothermal case and otherwise for ramped temperature 

case. 

 Sherwood number Sh decreases with increase in t or Schimdt number Sc for both ramped temperature 

and isothermal plate. 

 Nanofluid velocity decreases with increase in volume fraction parameter ∅. 

 Both Nusselt number and Skin friction increase with Radiation Parameter Nr and volume fraction 

parameter ∅. 
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Appendix: 
 

𝑔ଵ(𝑦, 𝑠) = 𝑑ଵଷ𝑓ଷ(𝑦, 𝑠) + 𝑑ଵଵ𝑓ସ(𝑦, 𝑠) + 𝑑ଵଶ𝑓ହ(𝑦, 𝑠)    𝑔ଶ(𝑦, 𝑠) = 𝑑ଵ଺𝑓ଷ(𝑦, 𝑠) + 𝑑ଵସ𝑓ସ(𝑦, 𝑠) +

𝑑ଵହ𝑓଺(𝑦, 𝑠)      

 𝑔ଷ(𝑦, 𝑠) = 𝑑ଵଷ𝑓଻(𝑦, 𝑠) + 𝑑ଵଵ𝑓 (𝑦, 𝑠) + 𝑑ଵଶ𝑓ଽ(𝑦, 𝑠),    𝑔ସ (𝑦, 𝑠) = 𝑑ଵ଺𝑓ଵ଴(𝑦, 𝑠) +

𝑑ଵସ𝑓ଵଵ(𝑦, 𝑠) + 𝑑ଵହ𝑓ଵଶ(𝑦, 𝑠) 

𝑓ଵ(𝑦, 𝑡) = ௘ష೔ೢ೟

ଶ
ቈ𝑒

ି௬ට
భ

೏భ
(ௗమି௜௪)

 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

− ඥ(𝑑ଶ − 𝑖𝑤)𝑡൰ + 𝑒
௬ට

భ
೏భ

(ௗమି௜௪)
 𝑒𝑟𝑓𝑐 ൬ ௬

ଶඥௗభ௧
+

ඥ(𝑑ଶ − 𝑖𝑤)𝑡൰቉     

𝑓ଶ(𝑦, 𝑡) = ௘೔ೢ೟

ଶ
ቈ𝑒

ି௬ට
భ

೏భ
(ௗమା௜௪)

 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

− ඥ(𝑑ଶ + 𝑖𝑤)𝑡൰ + 𝑒
௬ට

భ
೏భ

(ௗమା௜௪)
 𝑒𝑟𝑓𝑐 ൬ ௬

ଶඥௗభ௧
+

ඥ(𝑑ଶ + 𝑖𝑤)𝑡൰቉       

𝑓ଷ(𝑦, 𝑡) = ଵ
ଶ

ቈ𝑒
ି௬ට೏మ

೏భ 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

− ඥ𝑑ଶ𝑡൰ + 𝑒
௬ට೏మ

೏భ 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

+ ඥ𝑑ଶ𝑡൰቉  

                    

𝑓ସ(𝑦, 𝑡) =

ଵ
ଶ

ቈ൬𝑡 − ௬
ଶඥௗమௗభ

൰ 𝑒
ି௬ට೏మ

೏భ 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

− ඥ𝑑ଶ𝑡൰ + ൬𝑡 + ௬
ଶඥௗమௗభ

൰ 𝑒
௬ට೏మ

೏భ 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

+ ඥ𝑑ଶ𝑡൰቉     

𝑓ହ(𝑦, 𝑡) = ௘೏ల೟

ଶ
ቈ𝑒

ି௬ට
భ

೏భ
(ௗలାௗమ)

 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

− ඥ(𝑑଺ + 𝑑ଶ)𝑡൰ + 𝑒
ି௬ට

భ
೏భ

(ௗలାௗమ)
 𝑒𝑟𝑓𝑐 ൬ ௬

ଶඥௗభ௧
+

ඥ(𝑑଺ + 𝑑ଶ)𝑡൰቉     

𝑓଺(𝑦, 𝑡) = ௘೏వ೟

ଶ
ቈ𝑒

ି௬ට
భ

೏భ
(ௗవାௗమ)

 𝑒𝑟𝑓𝑐 ൬ ௬
ଶඥௗభ௧

− ඥ(𝑑ଽ + 𝑑ଶ)𝑡൰ + 𝑒
ି௬ට

భ
೏భ

(ௗవାௗమ)
 𝑒𝑟𝑓𝑐 ൬ ௬

ଶඥௗభ௧
+

ඥ(𝑑ଽ + 𝑑ଶ)𝑡൰቉      

𝑓଻(𝑦, 𝑡) = 𝑒𝑟𝑓𝑐 ቀ ௬
ଶ√௔ర௧

ቁ, 𝑓 (𝑦, 𝑡) = ቀ ௬మ

ଶ ௔ర
+ 𝑡ቁ 𝑒𝑟𝑓𝑐 ቀ ௬

ଶ√௔ర ௧
ቁ − ௬√௧

ଶ√௔ర గ
𝑒ି ೤మ

ర೟ೌర , 
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 𝑓ଽ(𝑦, 𝑡) = ௘೏ల೟

ଶ
ቈ𝑒

ି௬ට೏ల
ೌర  𝑒𝑟𝑓𝑐 ቀ ௬ 

ଶ√௔ర௧
− ඥ𝑑଺𝑡ቁ + 𝑒

௬ට೏ల
ೌర  𝑒𝑟𝑓𝑐 ቀ ௬ 

ଶ√௔ర௧
+ ඥ𝑑଺𝑡ቁ቉  

𝑓ଵ଴(𝑦, 𝑡) = 𝑒𝑟𝑓𝑐 ቀ௬√ௌ௖
ଶ√௧

ቁ                

𝑓ଵଵ(𝑦, 𝑡) = ቀ௬మௌ௖
ଶ

+ 𝑡ቁ 𝑒𝑟𝑓𝑐 ቀ௬√ௌ௖
ଶ√௧

ቁ − ௬√ୗୡ ௧
ଶ√గ

𝑒ି೤మೄ೎
ర೟      

𝑓ଵଶ(𝑦, 𝑡) = ௘೏వ೟

ଶ
ቂ𝑒ି௬ඥௌ௖ ௗవ  𝑒𝑟𝑓𝑐 ቀ௬ √ௌ௖

ଶ√௧
− ඥ𝑑ଽ𝑡ቁ + 𝑒௬ඥௌ௖ ௗవ  𝑒𝑟𝑓𝑐 ቀ௬ √ௌ௖

ଶ√௧
+ ඥ𝑑ଽ𝑡ቁቃ   

 

ℎଵ(𝑡) = 𝑒ି௜௪௧ඨ
𝑑ଶ − 𝑖𝑤

𝑑ଵ
erf ቀඥ(𝑑ଶ − 𝑖𝑤)𝑡ቁ +

𝑒ିௗమ௧

ඥ𝜋𝑑ଵ𝑡
 

ℎଶ(𝑡) = 𝑒௜௪௧ටௗమା௜௪
ௗభ

erfቀඥ(𝑑ଶ + 𝑖𝑤)𝑡ቁ + ௘ష೏మ೟

ඥగௗభ௧
   

 ℎଷ(𝑡) = −ටௗమ

ௗభ
erf൫ඥ𝑑ଶ𝑡൯ + ௘ష೏మ೟

ඥగௗభ௧
    

ℎସ(𝑡) = −
1

ඥ4𝑑ଶ𝑑ଵ
erf൫ඥ𝑑ଶ𝑡൯ − 𝑡ඨ

𝑑ଶ

𝑑ଵ
erf൫ඥ𝑑ଶ𝑡൯ + ඨ

𝑡
𝜋𝑑ଵ

𝑒ିௗమ௧ 

ℎହ(𝑡) = 𝑒ௗల௧ඨ
𝑑ଶ + 𝑑଺

𝑑ଵ
erf ቀඥ(𝑑ଶ + 𝑑଺)𝑡ቁ +

𝑒ିௗమ௧

ඥ𝜋𝑑ଵ𝑡
 

ℎ଺(𝑡) = 𝑒ௗవ௧ටௗమାௗవ

ௗభ
erf൫ඥ(𝑑ଶ + 𝑑ଽ)𝑡൯ + ௘ష೏మ೟

ඥగௗభ௧
   

ℎ଻(𝑡) = ට
ଵ

గ௔ర௧
   ℎ଼(𝑡) = ଵ

ଶ ට
௧

గ௔ర
   

ℎଽ(𝑡) = −𝑒ௗల௧ටௗల

௔ర
erf൫ඥ𝑑଺𝑡൯ + ට

ଵ
గ௔ర௧

   

ℎଵ଴(𝑡) = ටௌ௖
గ௧

  

ℎଵଷ(𝑡) = 𝑑ଵଷℎଷ(𝑡) + 𝑑ଵଵℎସ(𝑡) + 𝑑ଵଶℎହ(𝑡)      ℎଵସ(𝑡) = 𝑑ଵ଺ℎଷ(𝑡) + 𝑑ଵସℎସ(𝑡) + 𝑑ଵହℎ଺(𝑡)

  

ℎଵହ(𝑡) = 𝑑ଵଷℎ଻(𝑡) + 𝑑ଵଵℎ଼(𝑡) + 𝑑ଵଶℎଽ(𝑡)     ℎଵ଺(𝑡) = 𝑑ଵ଺ℎଵ଴(𝑡) + 𝑑ଵସℎଵଵ(𝑡) + 𝑑ଵହℎଵଶ(𝑡)

    

 


