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Abstract
In this study, effects of thermal diffusion, diffusion thermo and thermal radiation effects on two
dimensional MHD Casson fluid flows over a stretched surface in porous medium is studied. The
governing dimensionless system of ordinary differential equations are solved using Homotopy
analysis method which is obtained by reducing original system of partial differential equations
using suitable change of variables. Effects of different prevailing parameters: Radiation parameter,
thermal diffusion parameter, diffusion thermo parameter, Magnetic parameter and Casson fluid
parameter on Heat and mass transfer of two dimensional MHD flow are discussed and represented
through graph. Expression for Skin friction, Nusselt number and Sherwood number are also
derived. From graphical presentation, we observed that magnetic field tends to reduced motion of
the fluid whereas thermal radiation and permeability of porous medium have reverse effects on it.
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Nomenclature
𝑇

Temperature

𝑇

Temperature

𝑢, 𝑣

Velocity components along 𝑥, 𝑦 axes, respectively

𝐵

External uniform magnetic field

𝐶

Specific heat at constant pressure

g

Acceleration due to gravity

k

Thermal conductivity

𝑘

Permeability of the fluid

De

Mass diffusivity

𝑆𝑐

Schmidt number
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𝑆𝑟
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Soret Number

M

Magnetic parameter (Ratio of Lorentz force to viscous force)

𝑃𝑟

Prandtl number (ratio of momentum diffusivity to thermal
diffusivity)

Greek symbols
𝛼

Thermal diffusivity

𝜌

Density

𝜎

Electrical conductivity (S/m)

𝜃

Dimensionless temperature (𝜃 =

𝜇

Dynamic viscosity

𝜑

Porosity

𝜅

Permeability (dimensionless)

γ

Casson fluid parameter

𝜈

Kinematic viscosity

𝜂

Dimensionless variable

)

Subscripts
𝑓

Fluid phase

𝑠

Solid phase

1. Introduction:
The analysis of non-Newtonian fluid flows generated by a stretching sheet has a great role in several
manufacturing processes such as extrusion of molten polymers through a slit die for the production of plastic
sheet, processing of food stuffs, paper production, wire and fiber coating to mention few among others. The
quality of final product in such processes greatly depends upon the rate of cooling in the heat transfer process.
The MHD consideration is one of the important parameters by which cooling rate can be controlled and the
product of desired quality can be achieved. Crane [1] was the first among the others to provide the closed form
solution for steady and two-dimensional incompressible boundary layer flow of viscous fluid generated by a
stretching surface. This flow problem has been extended under diverse physical aspects in the form of series of
papers by the different researchers in the field. The aspect of the current research is to examine the effects of
thermal diffusion, diffusion thermo and thermal radiation effects on two dimensional MHD Casson fluid flows
over a stretched surface in porous medium. Yao, Chen [2] discussed the series solution with stretching
boundary. Sheikholeslami and Bhatti [3] solved by active method for nanofluid heat transfer problem. Hayat et.
al [4, 5] studied stretching flow with heat flux. Kataria and Patel [6-10] discussed MHD flow for different fluid
with different situation. Hayat et. al[11] also studied peristalsis of Eyring-Powell magneto nanomaterial
considering Darcy-Forchheimer relation. Kataria and Mittal [12, 14] analyzed velocity, mass and temperature of
nanofluid flow in a porous medium. Kataria and Mittal [15] investigated effect of radiation on Casson nanofluid
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flow. Hayat et. al[16-19] discussed the problem for different fluid in presence of different conditions.
Sheikholeslami et. al[20-23] studied different model like two phase model, Buongiorno model. Koo and
Kleinstreuer [24, 25] analyzed laminar fluid flow and viscous dissipation.
The aim of this paper is to study the control of heat and mass transfer through thermal diffusion and diffusion
thermo in presence of thermal radiation in two dimensional problems.
2. Problem statement
Let us considered the steady MHD two dimensional Casson fluid flow over a heated stretched surface at 𝑦 = 0
as shown in Figure 1. A Cartesian coordinate system (𝑥, 𝑦) are chosen such that 𝑥- axis is parallel to stretched
surface whereas 𝑦 - axis as normal to it. A constant magnetic field 𝐵 is applied in the transverse direction to the
surface. Due to small magnetic Reynold number induced magnetic field are negligible. Also fluid is
incompressible and flow in two dimensional. We consider this problem due to the effects of thermal diffusion
and diffusion-thermo effects on the MHD flow.
The constitutive equation for the Casson fluid can be written as
2 𝜇𝐵 +
𝜏 =

2 𝜇𝐵 +

√

𝑒

𝜋>𝜋

𝑒

𝜋<𝜋

Where 𝜋 = 𝑒 𝑒 and 𝑒 is the (𝑖, 𝑗)

(1)

component of the deformation rate, 𝜋 is the product of the component of

deformation rate with itself, 𝜋 is a critical value of this product based on the non- Newtonian model, 𝜇𝐵 is
plastic dynamic viscosity of the non-Newtonian fluid and 𝑃 is yield stress of fluid.

𝑃 =

√

(2)

From the definition of viscosity given by Batchelor [26], ratio of sheer stress 𝜏 ∗ to viscosity  is constant in case
of Newtonian.
𝜏∗ = 

(3)

Some fluids require a gradually increasing shear stress to maintain a constant strain rate, In the case of Casson
fluid (Non Newtonian) flow where 𝜋 > 𝜋

 = 𝜇𝐵 +

√

(4)

Substituting equation (2) in equation (4), the Kinematics viscosity can be expressed as

𝜈=
The resulting boundary layer equations in MHD flow under consideration are

(5)
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(6)

=0

𝑢

+𝑣

=𝜈 1+

− 𝜎𝐵 𝑢 −

𝑢

+𝑣

=

−

𝑢

+𝑣

=𝐷

+

∅

(7)

𝑢

(8)

+

(9)

𝑢 = 𝑎𝑥; 𝑣 = 0; 𝑇 = 𝑇 ; 𝐶 = 𝐶 𝑎𝑡 𝑦 = 0

(10)

𝑢 → 0, 𝑇 → 𝑇 , 𝐶 → 𝐶 ; 𝑎𝑠 𝑦 → ∞ 𝑎𝑛𝑑 𝑡 ≥ 0

(11)

𝜂=𝑦

, 𝑢 = 𝑎𝑥𝑓 ′ (𝜂), 𝑣 = −√𝑎𝜈𝑓(𝜂), 𝜃(𝜂) =

∞
∞

, 𝐶(𝜂) =

∞

(12)

∞

The local radiant for the case of an optically thin gray gas is expressed by Rosseland approximation [27]
= −4𝑎 ∗ 𝜎 ∗ (𝑇

∞

−𝑇 )

where 𝜎 ∗ and 𝑎∗ are Stefan Boltzmann constant and absorption coefficient respectively.
Using the Taylor’s series, expand 𝑇 about 𝑇
𝑇

≅ 4𝑇 ∞ 𝑇 − 3𝑇

and neglecting higher order terms,

∞

Therefore, the governing momentum and energy equations for this problem are given in dimensionless form by:
𝑓 ′′′ + 𝑓𝑓 ′′ − 𝑓′ − 𝑀 +

1+

𝑓′ = 0

(13)

𝜃 ′′ + 𝑓𝜃 ′ − 𝜃𝑓 ′ + 𝐷𝑢 𝐶 ′′ = 0

(14)

𝐶 ′′ + Pr 𝐿𝑒 𝑓𝐶 ′ − 𝑃𝑟 𝐿𝑒 𝐶𝑓 ′ + 𝑆𝑟𝐿𝑒𝜃 ′′ = 0

(15)

𝑓(0) = 0, 𝑓 ′ (0) = 1 , 𝑓 ′ (∞) = 0 ,
𝜃(0) = 1, 𝜃(∞) = 0 ,
(16)

𝐶(0) = 1, 𝐶(∞) = 0 ,
where

𝑀 =

𝑡 ,
∞

(

∞)

=

, 𝑆𝑟 =

, 𝛾=
∞

(

∞)

, 𝐿𝑒 =

, 𝑁𝑟 = −

∗ ∗

, 𝑅𝑒 =

, 𝑃𝑟 =

, 𝐷𝑢 =
(17)
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Dimensionless expression of the local skin-friction coefficient, the local Nusselt number and the local Sherwood
number are
𝑅𝑒

𝐶𝑓 = 1 + 1 𝛾 𝑓 ′′ (0),

𝑆ℎ(𝑅𝑒)

= −𝜃 ′ (0),

(19)

= −𝐶 ′ (0).

(20)

⁄

𝑁𝑢(𝑅𝑒)

⁄

(18)

3. Solution by Homotopy Analysis Method
Homotopy analysis method is a fundamental concept of topology. Equations (13) – (15) are coupled non-linear
ordinary differential equations and exact solutions are not possible. To solve these equations together with the
boundary conditions (16), the modified homotopy analysis method (HAM) suggested by Liao [28] is employed.
Initial guess is given by:
𝑓 (𝜂) = 1 − 𝑒

; 𝜃 (𝜂) = 𝑒

; 𝐶 (𝜂) = 𝑒

(21)

;

with auxiliary linear operators:
𝐿 =

−

, 𝐿 =

(22)

, 𝐿 =

Satisfying
𝐿 (𝐶 + 𝐶 𝑒 + 𝐶 𝑒

(23)

) = 0, 𝐿 (𝐶 + 𝐶 𝜂) = 0, 𝐿 (𝐶 + 𝐶 𝜂) = 0.

where 𝑐 , 𝑐 , … . , 𝑐 are the arbitrary constants.
The zeroth order deformation problems are constructed as follows:
(1 − 𝑝)𝐿 𝑓 (𝜂; 𝑝) − 𝑓 (𝜂) = 𝑝ℏ 𝑁 𝑓(𝜂; 𝑝), 𝜃 (𝜂; 𝑝), 𝐶 (𝜂; 𝑝) ,

(24)

(1 − 𝑝)𝐿 𝜃(𝜂; 𝑝) − 𝜃 (𝜂) = 𝑝ℏ 𝑁 𝑓(𝜂; 𝑝), 𝜃 (𝜂; 𝑝), 𝐶 (𝜂; 𝑝) ,

(25)

(1 − 𝑝)𝐿 𝐶 (𝜂; 𝑝) − 𝐶 (𝜂) = 𝑝ℏ 𝑁 𝑓(𝜂; 𝑝), 𝜃(𝜂; 𝑝), 𝐶 (𝜂; 𝑝) ,

(26)

Subject to the boundary conditions:
𝑓(0; 𝑝) = 0,

𝑓 ′ (0; 𝑝) = 1;

(27)

𝑓 ′ (∞; 𝑝) = 0;

(28)

𝜃(0; 𝑝) = 1,

𝜃 (∞; 𝑝) = 0;

(29)

𝐶 (0; 𝑝) = 1,

𝐶 (∞; 𝑝) = 0.

(30)

The nonlinear operator are defined as
𝑁 𝑓(𝜂; 𝑝), 𝜃 (𝜂; 𝑝), 𝐶 (𝜂; 𝑝) = 1 +

+𝑓

−

𝑁 𝑓(𝜂; 𝑝), 𝜃 (𝜂; 𝑝), 𝐶 (𝜂; 𝑝) =

+𝑓

−𝜃

𝑁 𝑓(𝜂; 𝑝), 𝜃 (𝜂; 𝑝), 𝐶 (𝜂; 𝑝) =

+ Pr 𝐿𝑒 𝑓

− 𝑀 +
+ 𝐷𝑢

− Pr 𝐿𝑒 𝐶

,

+ 𝑆𝑟𝐿𝑒

,

(31)
(32)
(33)
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Where 𝑓 (𝜂; 𝑝), 𝜃(𝜂; 𝑝) and 𝐶 (𝜂; 𝑝) are unknown functions with respect to 𝜂 and 𝑝. ℏ , ℏ and ℏ are the
non-zero auxiliary parameters and 𝑁 , 𝑁 and 𝑁 are the nonlinear operators.
Also 𝑝 ∈ (0, 1) is an embedding parameter. For 𝑝 = 0 and 𝑝 = 1 we have
𝑓(𝜂; 0) = 𝑓 (𝜂), 𝑓 (𝜂; 1) = 𝑓(𝜂),

(34)

𝜃(𝜂; 0) = 𝜃 (𝜂), 𝜃(𝜂; 1) = 𝜃(𝜂),

(35)

𝐶 (𝜂; 0) = 𝐶 (𝜂), 𝐶 (𝜂; 1) = 𝐶(𝜂),

(36)

In other words, when variation of 𝑝 is taken from 0 to 1 then 𝑓 (𝜂; 𝑝), 𝜃 (𝜂; 𝑝) and 𝐶 (𝜂; 𝑝) vary from
𝑓 (𝜂), 𝜃 (𝜂), and 𝐶 (𝜂) to 𝑓(𝜂), 𝜃(𝜂), and 𝐶(𝜂). Taylor’s series expansion of these functions yields the
following:
𝑓(𝜂; 𝑝) = 𝑓 (𝜂) + ∑

𝑓 (𝜂)𝑝 ,

(37)

𝜃(𝜂; 𝑝) = 𝜃 (𝜂) + ∑

𝜃 (𝜂)𝑝 ,

(38)

𝐶 (𝜂; 𝑝) = 𝐶 (𝜂) + ∑

𝐶 (𝜂)𝑝 ,

(39)

,

(40)

,

(41)

,

(42)

Where
𝑓 (𝜂) =

( ; )
!

𝜃 (𝜂) =
𝐶 (𝜂) =

( ; )
!
( ; )
!

It should be noted that the convergence in the above series strongly depends upon ℏ , ℏ and ℏ . Assuming that
these nonzero auxiliary parameters are chosen so that Eqs.(37)-(39) converges at 𝑝 = 1, Hence one can obtain
the following:
𝑓(𝜂) = 𝑓 (𝜂) + ∑

𝑓 (𝜂),

(43)

𝜃(𝜂) = 𝜃 (𝜂) + ∑

𝜃 (𝜂),

(44)

𝐶(𝜂) = 𝐶 (𝜂) + ∑

𝐶 (𝜂),

(45)

Differentiating the zeroth order deformation (24) – (26) and (27) – (30) 𝑚 times with respect to 𝑝 and
substituting 𝑝 = 0 , and finally dividing by ! , we obtain the 𝑚
𝐿 [𝑓 (𝜂) − χ 𝑓

(𝜂)] = ℏ 𝑅

(𝜂),

,

order deformation (𝑚 ≥ 1).
(46)

𝐿 [𝜃 (𝜂) − χ 𝜃

(𝜂)] = ℏ 𝑅

,

(𝜂),

(47)

𝐿 [𝐶 (𝜂) − χ 𝐶

(𝜂)] = ℏ 𝑅

,

(𝜂),

(48)

Subject to the boundary conditions
𝑓 (0) = 0,

(49)

𝑓 (0) = 𝑓 (∞) = 0,

(50)

𝜃 (0) = 𝜃 (∞) = 0,

(51)
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(52)

𝐶 (0) = 𝐶 (∞) = 0,
with
𝑅

,

(𝜂) = 1 +

𝑓

+∑

𝑓𝑓

−∑

𝑓

𝑅

,

(𝜂) =

𝜃

+∑

𝑓𝜃

−∑

𝑓𝜃

𝑅

,

(𝜂) = 𝐶

with 𝜒

=

+ Pr 𝐿𝑒 ∑
0,
1,

𝑓𝐶

−∑

𝑓𝐶

− 𝑀 +

𝑓

(53)

+𝐷 𝐶

(54)

+ 𝑆𝑟𝐿𝑒𝜃

(55)

𝑚≤1
,
𝑚≥1

(56)

Solving the corresponding 𝑚 -order deformation equations,
𝑓 (𝜂) = 𝑓 ∗ (𝜂) + 𝐶 + 𝐶 𝑒 + 𝐶 𝑒

(57)

𝜃 (𝜂) = 𝜃 ∗ (𝜂) + 𝐶 + 𝐶 𝜂

(58)

𝐶 (𝜂) = 𝐶 ∗ (𝜂) + 𝐶 + 𝐶 𝜂

(59)

Here 𝑓 ∗ , 𝜃 ∗ 𝑎𝑛𝑑 𝐶 ∗ are given by are particular solutions of the corresponding 𝑚 -order equations and the
constants 𝐶 ( 𝑖 = 1,2, … ,7) are to be determined by the boundary conditions.
4. Results and Discussion:
To understanding the physics of the problem, the solutions are obtained using codes in Mathematica. The
solution obtained by mathematica having long series expression. It is difficult to write all series expression in
the manuscript. Obtained results are explained with the help of graphs. Parametric study is performed for Soret
number 𝑆𝑟, Radiation parameter 𝑁𝑟, Magnetic parameter 𝑀 and Permeability parameter 𝑘.
Figure 2 show effects of magnetic field 𝑀 on velocity profiles. It is seen that, velocity in 𝑦- direction is decrease
with increase in 𝑀. Physically, when magnetic field can induce current in the conductive fluid and create
Lorentz force on the fluid in the boundary layer, which slow down the velocity of the fluid. Therefore, the
magnetic field acts like a drag force.
Figure 3 shows the effect on velocity profiles for different values of Casson parameter 𝛾, when the other
parameters are fixed. It is observed that velocity of the fluid decreases with increasing values Casson parameter
𝛾. An increase in Casson parameter makes the velocity boundary layer thickness shorter and hence motion of
the fluid is decelerated.
Figures 4 show effects of Permeability parameter 𝑘 on velocity profiles. It is seen that velocity increases with
increasing 𝑘. This is true due to the effects of drag force. Physically, If we increase permeability of porous
medium 𝑘, hole of porosity will be increase which is improve motion in 𝑦-direction.
Figures 5 show effects of thermal radiation parameter 𝑁𝑟 on temperature profiles. Physically, due to increasing
thermal radiation parameter 𝑁𝑟, heat is generated in fluid flow, which leads to improvement in heat transfer
process.
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Figure 6-9 show effects of soret and dufour effect on temperature and concentration profiles. It is seen that
Dufour number tends to improved heat transfer process and reduced mass transfer process, while soret number
is opposite effects compared to Dufour number on temperature and concentration profiles.
Figure 10 exhibits the concentration profiles for different values of Schmidt number 𝑆𝑐. It is observed that mass
transfer process decreases with increase in 𝑆𝑐.
5. Conclusion:


Velocity profile declines with escalation in Magnetic parameter 𝑀 and Casson parameter 𝛾



Velocity increases with permeability parameter 𝑘



Temperature increase with increase in radiation parameter 𝑁𝑟 and Dufour effect 𝐷𝑢.



Temperature tends to decrease with rising Soret effect 𝑆𝑟.



Concentration profile increase with increase in Soret effect 𝑆𝑟 and decrease with increase in Schdimt
number 𝑆𝑐 and Dufour effect 𝐷𝑢.
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Figure 1: Physical Sketch of Problem

Figure 2: Velocity Profile for Different value of 𝑴
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Figure 3: Velocity Profile for Different value of 𝜸

Figure 4: Velocity Profile for Different value of 𝒌
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Figure 5: Temperature Profile for Different value of 𝑵𝒓

Figure 6: Temperature Profile for Different value of 𝑫𝒖
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Figure 7: Concentration Profile for Different value of 𝑫𝒖

Figure 8: Temperature Profile for Different value of 𝑺𝒓
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Figure 9: Concentration Profile for Different value of 𝑺𝒓

Figure 10: Concentration Profile for Different value of 𝑺𝒄
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